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• Accelerated expanding 
universe was found in 1998 

• Dark energy is one of a 
popular solution

• ΛCDM was used to explain 
this phenomenon

The history of ΛCDM and Λ



Einstein’s Equations

( the field equations of gravitation)

This equation can lead to a dynamic universe



Modified Einstein’s Equations

Published in 1917/02/15

(  cosmological considerations on the general relativity theory)



• The Einstein equation is given by

set                    is the Ricci scalar

and       is the energy-momentum tensor of 
matter and radiation.
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• In 1929, Hubble proposed Hubble’s law that 
the universe is expanding.

• Einstein accepted the idea much later

Lemaitre (in 1927)                                     
Hubble (in 1929)



• 1931 Λ disappears (“Einstein’s blunder”)

• The relevant paragraph (this book P 44) says “Much later, 

when I was discussing cosmological problem with Einstein, 

he remarked that the introduction of the 

cosmological term was the biggest blunder 

he ever made in his life” 

( To the cosmological problem of 
the general relativity theory)



➢The problems of Λ:

• coincidence problem

• Nonzero but tiny

➢ One solution to coincidence problem is 

J. Sola, J. Phys. Conf. Ser. 453 (2013) 012015



To explain the accelerated expansion of the universe, we 
consider                    is the time-dependent parameter )(H=

Introduce the running vacuum model



•We consider                   is the time-dependent 
parameter to explain the accelerated expansion of 
the universe. 

We obtain the Friedmann equations 

where                            ,      is the conformal time

and                                
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The equations of state(EoS) are given by

• We consider     to be a function of the Hubble 
parameter 

where     and     are two free parameters, 
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• From the conservation equation

we have 

resulting in that dark energy unavoidably 
couples to matter and radiation , given by
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Background evolution of EVM



is the decay rate of the dark energy 
taken to be

Then we get

where                  and       are the energy densitys
of matter or radiation at             . 
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Background evolution of RVM



Perturbation
The metric perturbations are given by

i,j=1,2,3 h and     are two scalar perturbations in 
the synchronous gauge.

The matter and radiation density perturbations 

where                           and                         .
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Observational constraints on RVM

• We use the CosmoMC program to perform the 

global fitting for the RVM

• Dataset:     

CMB : Planck 2015 
(TT, TE, EE, lowTEB, low-l polarization and lensing from SMICA)

BAO : Baryon acoustic oscillation data from BOSS

Weak lensing

data and        data( )zH 8f
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The result

CQ Geng et al., JCAP 1708, 032 (2017)



Fitting results for the RVM with 0
23 += H

The result

CQ Geng et al., JCAP 1708, 032 (2017)



Summary and conclusion
• The running vacuum model scenario is suitable 

to describe the late-time accelerating universe 
at the background level.

• By calculating the pertubation and performing 
the global fit to the observational data, we have 
obtained that         <         , implying that the 
current data prefers RVM.
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